Recent combined results from the Wilkinson Microwave Anisotropy Probe (WMAP) and Sloan Digital Sky Survey (SDSS) provide a remarkable set of data which requires more accurate and general investigation. Here we derive formulae for the power spectrum P(k) of the density perturbations produced during inflation in the general slowroll approximation with second order corrections. Also, using the result, we derive the power spectrum in the standard slow-roll picture with previously unknown third order corrections.
Introduction
It is generally believed that inflation [1] provides the explanation for many of the unexplained features of the standard hot big bang cosmology. Inflation generates the flatness, homogeneity and isotropy of the largest observable scales today. Furthermore, primordial quantum fluctuations, which were stretched during inflation, are thought to be the origin of the small perturbations necessary for the formation of galaxies, clusters, and other rich structures in the universe. The power spectrum of these perturbations, as detected in many cosmic microwave background observations and galaxy surveys [2] , is observed to be approximately scale invariant.
The first year data from NASA's Wilkinson Microwave Anisotropy Probe (WMAP) [3] and the Sloan Digital Sky Survey (SDSS) [4] are constraining the power spectrum and the spectral index with greater accuracy than ever before. Recent estimates from several observations are presented in [5] . Therefore it is necessary to obtain more precise and general estimation for the power spectrum to use the WMAP results fully and prepare for the future study of the power spectrum.
There has been extensive work on the power spectrum for the density perturbations produced during inflation [6, 7, 8, 9, 10] , using the standard slow-roll picture. The standard slow-roll approximation assumes the slow-roll parameters,
are small. It also makes the extra assumption that δ 1 is approximately constant. In the general slow-roll scheme [11] , we abandon this extra assumption so that we can consider a wider class of inflation models. In this paper, we use the basic formalism presented in [10, 11, 12] and extend previous results [11] to calculate the power spectrum to second order in the general slow-roll expansion. We set c = = 8πG = 1 throughout this paper.
2 General slow-roll formulae for the spectrum
In this section, we will derive the formula for the power spectrum of the density perturbations. We briefly review how to proceed from the fundamental equation using the formalism of Refs. [10, 11, 12] . Then, we present our integral equation for the power spectrum in the context of the general slow-roll expansion [11] . We begin with the effective action for the inflaton field φ during inflation,
from which we can derive the action for the scalar perturbations as [7] S = 1 2
where
R is the intrinsic curvature perturbation of the spatial hypersurfaces, and
Hence the intrinsic curvature perturbation of the comoving hypersurfaces is given by
Eq. (3) gives the equation of motion for the Fourier component of ϕ
where ϕ k satisfies the boundary conditions
Defining y ≡ √ 2k ϕ k , x ≡ −kη and
Eq. (7) becomes
and f ′ ≡ df /d ln x. Using Green's method, we can present the solution of Eq. (10) as an integral equation
is the homogeneous solution with correct asymptotic behaviour. The power spectrum for the curvature perturbation P(k) is defined by
which, using the above results, we can write conveniently as
We assume that y(x) is given approximately by the scale invariant y 0 (x), or equivalently that g is small. Then, since we are interested in the second order corrections, we iterate Eq. (12) twice, i.e.
Substituting into Eq. (16), and using the method of Ref. [11] , i.e. expanding in powers of x and using the limit x → 0, we get
and
Note that
The right hand side of Eq. (18) as a whole is well defined in the limit x → 0, but we do not know how f behaves in that limit, so the individual terms are not well defined. As a remedy, we pick some reasonable point, e.g. around horizon crossing, to evaluate f and rearrange to make the individual terms well defined. Using
and f
where subscript ⋆ denotes evaluation at some convenient time around horizon crossing, we can rewrite the power spectrum as
Eq. (24) can be written more compactly by substituting
integrating by parts, and using the identity
to give
These functions behave asymptotically as
and we define
Eqs. (24) and (29) are our main results. To evaluate these formulae, one needs to determine f and g as functions of x. This can be done by solving the background equations for a and φ as functions of x, and using Eqs. (9) and (11).
Special case of a de Sitter background
In the physically important special case of constant H, we have
Then the power spectrum Eq. (24) becomes
while Eq. (29) becomes
Example
As a specific example, we consider an inflaton φ rolling down a linear potential [13] with slope changing from −A to −A − ∆A at φ = φ 0 . The potential is
Assuming |A| ≪ 1 so that H ≃ V 0 /3, and solving the equation of motion for φ, we obtain
where N = H dt and φ(N 0 ) = φ 0 . Then if |∆A/A| ≪ 1, so that the approximate scale invariance of the spectrum is maintained, we have Substituting into Eq. (37) and performing the integration, we find the power spectrum
where the x ⋆ dependent terms in Eq. (37) have been absorbed into the first term, the constant leading result, to show explicitly that the spectrum is independent of the evaluation point x ⋆ . The spectrum ln P is plotted in Figure 1 . Using the identity
we can write Eq. (42) 
which is exactly the same as found in Ref. [13] .
Application to the standard slow-roll expansion
In this section, we apply our general slow-roll formula to the special case of standard slow-roll. Our general slow-roll formula, Eq. (29), can be written as the only undetermined third order coefficient, we can use the known exact solutions [8] to determine the complete third order standard slow-roll result. In fact, if we were sufficiently motivated, we could apply the same method to determine the fourth order standard slow-roll result from Eq. (45). The simplest exact solution is inflation near a maximum, where the potential is
